Msplte“ Getting Started with Calculus

Introducing the Integral Calculus:
Time required

Integration By Parts 45 minutes
ID: XXXX

Activity Overview

In previous activities, students have explored the differential calculus through investigations of
the methods of first principles, the product and quotient rules. In this activity the product rule
becomes the basis for an integration method for more difficult integrals.

Concepts
e Product rule of differentiation, areas under curves, integration methods, integration by
parts.

Teacher Preparation
This investigation offers opportunities for review and consolidation of earlier key concepts
related to standard integrals and the product rule for differentiation, and for mastery of the
method of integration by parts, supported by prepared programs and by the computer algebra
system (CAS) available with the TI-Nspire CAS. As such, care should be taken to provide ample
time for ALL students to engage actively with the requirements of the task, allowing some who
may have missed aspects of earlier work the opportunity to build new and deeper
understanding.

e This activity can serve to consolidate earlier work on the product rule and on methods of

integration. It offers a suitable introduction to the method of integration by parts.

e Begin by discussing approaches to more difficult integrals and review the methods used
for differentiation. It is advisable that students have some experience with substitution
methods for integration before attempting this activity.

e The screenshots on pages X-X (top) demonstrate expected student results.
Refer to the screenshots on page X (bottom) for a preview of the student .tns file.

e To download the .tns file, go to http://education.ti.com/exchange and enter
“XXXX” in the search box.

Classroom Management
e This activity is intended to be teacher led. You should seat your students in pairs so
they can work cooperatively on their handhelds. Use the following pages to present the
material to the class and encourage discussion. Students will follow along using their
handhelds, although the majority of the ideas and concepts are only presented in this
document; be sure to cover all the material necessary for students’ total comprehension.

e Students can either record their answers on the handheld or you may wish to have the
class record their answers on a separate sheet of paper.

TI-Nspire™ Applications
Calculator, Notes, Lists & Spreadsheet, Graphs & Geometry and Programming.
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Step 1:

Step 2:

Step 3:

Getting Started with Calculus

Begin with discussion concerning integration
methods and review standard integrals.
Some review of substitution methods of
integration is recommended. Students
should be aware that not all functions can be
integrated symbolically.

Students should be given opportunities to
review and consolidate their skills and
understandings related to both product rule
and the process of integration (particularly
drawing distinction between the integral of a
function and the area under the curve of the
graph of that function).

The idea of taking the integral of a derivative
may well be new to students and should be
handled carefully, ensuring that errors and
misunderstandings are exposed if possible.
Students should be aware that integrals
evaluated by CAS generally do not include
the constant term.

PRAD AUTO REAL i

While many many functions can be readily
differentiated, this is not always true for
integration. Indeed, there are many functions
forwhich symbolic integrals simply cannot be
found (areas under such curves can,
howewer, often be found by approximation
methods),

:ﬁmmﬂ@ AUTO REAL ]

Question

3. In an examination, a student makes the
following statement;

j%pcxndx = L{ [ dax) =

Coyou agree?

v
Answer hd ‘
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Question

4. State the result of taking the integral of
the left hand side of the product rule -

J%(u(x)-v(x:l)dx.

«

Answer
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Step 4:

Step 5:

Getting Started with Calculus

Integrating the product rule and rearranging
the parts provides an expression which
proves to be the basis for our method of
integration by parts. However, it is
recommended that this process is not simply
assumed as valid, but that students be given
the opportunity to engage with it, to discuss
and to challenge.

A graphical approach can help students to
appreciate the significance of each of the
component parts of the integration by parts
statement: the areas under the curve with
respect to u and with respect to v are key
concepts here. Interestingly, it is the product,
u*v which is most difficult to draw from this
scenario. It represents a shorthand for the
difference product, u, *v, —u, *v,. This is
shown on the diagram as the L-shaped area
between the curve and the axes, between
the given limits.

Step 6 Drawing together these observations

students should be assisted to see the
significance of this method, which involves
correctly re-stating the function in question in
order to take the derivative of one
component and the integral of the other

Step 7 Several worked examples are provided,

beginning with the relatively straight-forward
x*In(x). The challenge soon emerges: how
to identify which part of the product becomes
u(x) and which part becomes dv. Whether
this choice actually makes any difference to
the result becomes the basis for an
extension exercise later.

1 1.10|PRAD AUTO REAL i

From the product rule, then, we get

lelole) = jum?dx . jv(x)-j—“ddx .

L X

with correct choice of limits, Briefly,

v = fudv+ fvdy %
Re-arranging the parts, we get

Iudv =5l — _rvdy

But what does this mean?

1 1.11|FRAD AUTO REAL i

12

iz

Wimo AUTOD REAL B

The implication of this method is that, for a
"difficult integral”, we may not know how to
integrate the enfire product, but if we can
differentiate one of the factors and integrate
the other, then we can often compute the
integral of the product.

1[1.14] PRAD AUTO REAL B

I(:onsider an integral which can be expressed
as a product. For example,

_fx-ln(x:ldx = _fydv

au 1 friy
P = — ==X dy = —
g x x

Let y(x:l = ln(xj =

and dv = xde =>

fldv= dex=>v=§x2 |:+ C:l
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Step 8 The ability to evaluate certain harder @PF@\D AUTO REAL ]

integrals which do NOT appear to be Question
products provides the basis for the next key
worked example. In the case of the natural 7. Use the method of integration by parts to
logarithm, we do not at present know the compute the integral of In().
integral for this function, but we do know its
derivative, and can easily integrate 1! This Answer ¥
opens the doors as an approach for a wide
range of challenging integration questions. Seinbel (1) ) using
Integration by Parts

Z1Z[rRAD AUTO REAL

Step 9 As with the preceding CAS-based Calculus
activities, a prepared program, in this case,
intbyparts(fn1, fn2), is available for
students to verify their own work, check their
conjectures and results, and to serve as a
model for a complete worked solution to
such questions. Note that the two input
components are derived simply from the
given function — the first is defined as u(x)

and the seco.nd as dv/dx. The final step in (B[R] 5P RAD AUTO REAL i
the program is left to the students, who can

check their answer by typing the variable Az you might expect, trigonometric functions
result. can lead to cyclic results.

Step 10 The third worked example involves Consider the function sin{infx])

trigonometric functions, which often lead to Suppose we set:
cyclic results — an integral involving a sin will , cosllnx])
. . . y(xj = 51n(ln(x:|J =r gy = ——dx
generally lead to another integral involving .
cos. Applying the rule a second time will dv = e => v = x |+

often result in another sin result, which may
be then set as an equation involving the
original integral and solved accordingly. : _
Reduction rules may also be developed in Parts, then check your answers using the
this way, leading to a method for integrating | inmypart=0 program and typing "resut,
trig functions of higher powers.

1. ftan'”: :'dx

4124 PRAD AUTO REAL il

) =

2 sz-erdx
Step 11 Practice questions are provided and then
. ] £3 fx-tan"(x)dx
two extension challenges: does the order of
choice make any difference (sometimes), 4. fr'cos(2x+13dx
and is there an integration equivalent to the 5 fcos(dex

quotient rule (no, too difficult to establish).
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Getting Started with Calculus

Introducing the Integral Calculus: Integration by Parts

- ID: XXXX

(Student)TI-Nspire File: CalcActXX_Integration_by Parts_EN.tns

[

PRAD AUTO REAL i

Introducing the

Integral Calculus:

Integration by Parts

Calculus with CAS

PRAD AUTO REAL i

OEE

While many many functions can be readily
differentiated, this is not abway s true for
integration. Indeed, there are many functions
for which symbolic integrals simply cannot be
found (areas under such curves can,
however, often be found by approximation
methods),

PRAD AUTO REAL i

- B
'n dealing with harder derivatives, we have

studied methods such as the product and
quotient rules,

In this activity, we consider whether such
rules may be applied to more difficult
integrals.

ﬁmwao AUTO REAL i

1. State the product rule for a function of the
form y(x)-v(x)

¥
Answer Al

:ﬁmbmo AUTO REAL i

h. Apply the product rule to the function

f(x) = sin(x)-ln(x)

-
|

PRAD AUTO REAL i

gy +v¥du

£I[

A7 | “u(x) —u

:ﬁmwao AUTO REAL

Question

3. In an examination, a student makes the
following statement:

[ 2 ke = 2 ) =2

Question
]
i
| &

:ﬁm» RAD AUTO REAL i
1L ule)) = bk 2L 4 o). 3

dx fis dx

The product rule may be summarized as
diu®) = u*dy + w¥du

where U and v are both functions in a

:ﬁmbmo AUTO REAL

]
. =
Question
4. State the result of taking the integral of
B

the left hand side of the product rule -

ji(u(x)-v(x))dx.

. dx
wariable, x.
Do you agree? Imagine taking the integral of both sides of Answer ¥
this equality.
Answer ¥ N |
:ﬁm» RAD AUTO REAL i :ﬁﬁ» RAD AUTO REAL i :ﬁm» RAD AUTO REAL i
= =
Question From the product rule, then, we get 12 u
dv =ty
5. And the right hand side? ulxhvld) = J”(x)'d_dx i J _ddx w
Ju(x)-ﬂdx a Jv(x]-d—udx with correct choice of limits, Briefly, fvdy
s s u-v = fudv + fvdu
L1
Answer W Fe-arranging the parts, we get " fHdV
fud\.r:u-v— fvdu A4 1 e 1z 15
dv du ‘ , -3
BHS = ulel— + vyl —+ ¢ I But what does this mean? B
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:ﬁﬁ» RAD AUTO REAL i :ﬁm» RAD AUTO REAL i :ﬁm» RAD AUTO REAL i
= =
Question Consider an integral which can be expressed
The implication of this methed is that, for a as a product, For example,
&. Carefully explain the relationship "difficult integral’, we may not kriow how to fx-ln(x)dx _ fudv
between the areas shown on the graph and integrate the entire product, but if we can Su 9 p
i i e iy
the relationship derived: differentiate one of the factors and integrate Let ulx) = Infx) => a x =>du=—
Va u: the other, then we can often compute the * x x
udv =uv - vdu integral of the product. and dv = xcdx =>
LT3 L 1
[1av = [xdx=>v =242 [+ C)
n ¥ | & 2 i
:ﬁm» RAD AUTO REAL i m» RAD AUTO REAL i Z1Z|PRAD AUTO REAL
Integration by parts gives: lTry this example using the spreadsheet on
fudv = Py = fvdu page 2,12, and.then chz?ck your results using
the program diff_quotient{u(x),v()) which
fln(x)-xdx=ln(x)-(l-x2)—J(l-xz)-ldx gives the step—by—step process, and
2 2 x generates the final answer as the variable,
2 2 result.
-1
fln(x)'xdx = 210 n(x) =& +C
2 4
:ﬁm» RAD AUTO REAL i :ﬁm» RAD AUTO REAL i :ﬁm» RAD AUTO REAL i
= =
j((ln(x))*(x) dxy using This method can even be used for functions Question
Integration by Parts for which we do not have a closed form
integral, for example, ln(x). 7. Use the method of integration by parts to
j(u*dv) = Uk — jv*du ’
compute the integral of Indx).
u) = Ins)
1 Treat the function as a product with 1: Answer v
du = ; dx fln(x).ldx =y = ln(x) and dv = dx.
e v dn U fecinlel 1) dw) using
11 Integration by Parts 7
] Z16|PRAD AUTO REAL i :ﬁm» RAD AUTO REAL i :ﬁm» RAD AUTO REAL i

Check your previous result by running the
program intbyparts(in{x),1) and then typing
"result".

Integration by Parts
j(u*dv) = Uk — jv*du
W1 = Tnlyl

i
v
Fenbe)y*1) doy using ?
o
1

A5 you might expect, trigonometric functions
can lead to cyclic results,

Consider the function sin(ln(x)).

Suppose we set

cos (ln (x))

x

u(x) = sin(ln(x)) =xdu = i

dv=a‘x:>v=x(+c)

U'sin(ln(x)).ldx
= x-sin(ln(x)) = J‘x-mdx (+C)

x

= x-sin(ln(x)) = j'cos(ln(x))dx (+C)
which sends us back to find the integral of

cos (ln (x) )

4 2.19|PRAD AUTO REAL

4 2.20|PRAD AUTO REAL

Question

«

Answer

j'cos(ln(x))dx

= x-cos(ln(x)) + rsin(ln(x))dx

]

. =
Question

8. Find j'cos(ln(x))dx I

B

9. Substitute the previous result for
cos(ln(x)) into the integration by parts result
for sin(ln(x)).

¥
Answer Al

j'sin(ln(x)).ldrx =

j(u*dv) = Uk — jv*du
Ui = sin(ln(x))
du = cos(ln(x)) d

X

|
1) 1
Fecsinln(e))y*(1) dx) using
Integration by Parts
S
7

2
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= I
|10. Maowy try the following using Integration by 77t \ I
Parts, then check your answers using I j((mn"(x))*(l) ) using
dsheet and intbyparts():result I
spreadsheet and intbyparts():resu Integration by Parts
program. [ ;
(U¥chd = u* — bw*du
1. j‘mn"(x)dx
Ui = mn"(x)
2 fxz-exdx 1
du = dx
3. fx-mn"(x)dx 4l ™
P AV C R 4
:ﬁmbwo AUTO REAL :ﬁﬁ RAD AUTO REAL
Question Question

11. (Extension 1) Does it matter in which
arder Ui and wx) are selected for the
method of integration by parts?

12. (Extension 2) Is there likely to be an
integration rule based upon the Quotient
Fule just as Integration by Parts was based
upon the Product Rule?

¥
Answer Al
¥
Answer Al
Often it does not matter, if both functions
il SH=4 il | ol fed 11 | BT bl i +l i 4 1 £ 1 el &-l

]
i
S
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