Mp[[e Getting Started with Calculus

Applications of Calculus:
Time required

Torricelli’s Law 45 minutes
ID: XXXX

Activity Overview

In this activity, students develop and use differential equations which support their learning of
both Torricelli’s Law for falling liquids and projectile motion. Using multiple representations to
support understanding, students derive the defining formulas — first, beginning with the
fundamental form for the velocity of escaping liquid through to the trajectory path of that fluid.
This activity provides an introduction to differential equations.

Concepts
» Differential equations, projectile motion.

Teacher Preparation
This investigation offers opportunities for review and consolidation of key concepts related to
differential equations. It provides a firm link between the theory and applications of the Calculus
and offers opportunities for students to consolidate their skills (including using a prepared
program). As such, care should be taken to provide ample time for ALL students to engage
actively with the requirements of the task, allowing some who may have missed aspects of
earlier work the opportunity to build new and deeper understanding.

* This activity can serve to consolidate earlier work on integration. It offers a suitable

introduction to differential equations.

* Begin by reviewing the method of integration of trigonometric functions (including inverse
trigonometric functions), and methods of integration of the standard function forms.

* The screenshots on pages X—X (top) demonstrate expected student results.
Refer to the screenshots on page X (bottom) for a preview of the student .tns file.

* To download the .tns file, go to http://education.ti.com/exchange and enter
“XXXX” in the search box.

Classroom Management

* This activity is infended to be teacher led. You should seat your students in pairs so
they can work cooperatively on their handhelds. Use the following pages to present the
material to the class and encourage discussion. Students will follow along using their
handhelds, although the majority of the ideas and concepts are only presented in this
document; be sure to cover all the material necessary for students’ total comprehension.

» Students can either record their answers on the handheld or you may wish to have the
class record their answers on a separate sheet of paper.

TI-Nspire™ Applications
Notes, Graphs & Geometry, Calculator, Programming.
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Step 1:

Step 2:

Step 3:

Getting Started with Calculus

Torricelli’'s Law (164 3) describes the
relationship between the velocity of fluid
leaving a container under the force of gravity
and the height of the fluid. In this activity we
derive and explore these relationships using
differential equations. Initially students begin
with a dynamic model which allows them to
change the key variables — height of fluid,
height of the tap and the tap width.

Using the principle of conservation of
energy, students should discuss the
potential energy possessed by water at the
top of the tank, the kinetic energy as it
leaves through the tap, and then equate
these to derive the common form for
Torricelli’'s Law, as shown.

This may then be linked to a differential
equation for the change in volume with
respect to time, which is clearly linked to the
change in height of the fluid, and to both the
speed at which the fluid escapes, and the
diameter of the tap. Students should be
given oppotunities to discuss and become
comfortable with these ideas, before
proceeding with the application of the chain
rule which follows. They should be
encouraged to be systematic in identifying all
the relevant parameters and functions which
apply to such a system, and how these
relate to each other.
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Torricelli's Law states that the velocity at
which water leaves a container depends
upon the height of the top of the water above
the opening:

v=2gh
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Further, the change in volume with respect to
time in such a situation is proportional to the

. . . dV
negative exit velocity, _d =—a»v
iy

where the constant of proportionality, a2
equals the cross—sectional area of the tap!
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Step 4:

Step 5:

Getting Started with Calculus

Through application of the chain rule and
idenitfying the relationship between volume
of a cylinder and height of the container,
students should be able to build the
relationship between time and height for this
system, leading to a formula for height with
respect to time.

It is critical that students are able to apply
what they have learned to the real-world
situation it describes, and the graphical
representation of the height/time formula is
an important contributor to this
understanding. Students must be
encouraged to clearly describe in their own
words how the various components interact
in this system, particularly the rates of
change that are involved.

Extension

The extension activities involve derivation of
the trajectory path for the escaping water
using the principles of projectile motion —
once again, students are led, step by step,
through the process in order to support them
in developing such solutions in the future.
They are then scaffolded through the
opportunity to check their solution using a
prepared program, projectile(initial_x,
initial_y, initial_velocity, initial_angle,
gravity_constant). This may be applied to
the three different taps given in the model on
page 5.6, allowing students the chance to
consolidate their application of this important
process.
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8. Now invert and integrate with respect to
h to derive an expression for h in terms of t.

«

Answer

=il
2 —
== - b2

B
~

:ﬁﬁ]b RAD AUTO REAL

m

0.04 peighe

0.005

ﬁeb

5.1 [PRAD AUTO REAL

i

B | o

Question

Extension

Use principles of projectile motion to derive
the trajectory equation for the flow of water
from the tap.

Ex1 State the initial conditions.

Answer ¥

v
B

r1=2

Tap 3, p1=27u h2=73u

Ta 20 deley Sy h2=45 u

Tap 1 AI=8uu. ‘?7%?3-2‘31

r2=0.4

i ] - B
*: '73%9:

©2008 Texas Instruments Incorporated

Page 3



Getting Started with Calculus

Applications of Calculus: Simple Harmonic Motion - ID:

XXXX

(Student)TI-Nspire File: CalcActXX _Torricelli’s_Law_EN.tns

PRAD AUTO REAL ] PRAD AUTO REAL ]
I‘I’orricelli's Law (1643) describes the
relationship between the velocity of fluid

Applicati f Calculus: leaving a container under the force of gravity
pplications of L.alcuius: and the height of the fluid.
EeERbEis Consider a container with a tap. Does the
height of the water above the tap make a
Differential Equations difference? The height of the tap? The tap
width?
_ﬁmbmo AUTO REAL ] W)R&\D AUTO REAL

In its simplest form, Torricell's Law states
that water in a tank will escape through a
{small) hole in the bottorn with the same
speed that it would attain falling from the
same height to the level of the hole.

Torricell's result may be easily found by
considering the energy of the water at top and
bottom of the tank.

Question

PRAD AUTO REAL ]

Tap width
o

A

" Drag these points

How quickly does

the tank empty if
we change these

variables?---

-

~—

WDRAD AUTO REAL

Question

1. Water at the top of the tank has potential
energy. Give an expression for this in
terms of the mass of the water (m), the
force of gravity (g) and the height above the
tap (ha).

¥
Answer Lo

K e 5 |

2. Water leaving the tank through the tap
has kinetic energy. Give an expression for
this in terms of the mass of the water and
the wvelocity at which it exist the tap ().

¥
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Question | Further, the change in volume with respect to
Torricelli's Law states that the velocity at time in such a situation is.proportional to the
3. I;quate these two expressions and solve which water leaves a container depends negative exit velocity, LA
to find the exit velocity of the water from the upon the height of the top of the water above 4t
tap. the opening: where the constant of proportionality, a2
= 20 equals the cross—sectional area of the tap!
Answer ¥ V=2
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Describing this system, we define:
Parameters:

r: radius of container

ra: radius of tap opening

hi: height of fluid above center of tap
ha: center of tap above the ground

>z

...and Functions:
ht) is height of fluid in the container
V() is the volume of liquid and

v{f) is the exit velocity of the water,
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Getting Started with Calculus
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4. Using the chain rule, find an expression

av dh
for — in terms of —.
d dt

5. Simplify this expression using the
relationship between volume and height of a
cylinder.

6. Put these together to find an expression

dh ) .
for ; in terms of v, the exit velocity.
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7. Butwe have an expression for v in terms 8. Now invert and integrate with respect to
of h! Put these together. h to derive an expression for h in terms of t.
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Question Question

the trajectory equation for the flow of water
from the tap.

Ex1 State the initial conditions.

7]
. Al
Question
Extension
Use principles of projectile motion to derive
il

Ex2 Derive the horizontal equations of
motion.

Ex3 Derive the vertical equations of
motion.
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Ex4 Combine horizontal and vertical
components to form the trajectory equation.

Answer v

Ex5 Using the model on the next page, by
measurement and calculation find and plot
the trajectory paths for water flowing from
taps 1, 2 and 3.

¥
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Mp[[e Getting Started with Calculus
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}You may like to check your working and your
results for these trajectories using the

[
A
Initial conditions: whent=0:
rograrm
e Position: x = 4 andy = 2
[
1

projectile(xo, yo, initial_velocity, e THSH eie O
initial_angle, gravity) elocity: vx = 12,532 and vy = 0.

and thenitype projectile. fin Acceleration: ax =0 and ay = —g

For example, the path for tap1 should be
projectile(d,2,/2:9.8-8,0,9.8) Horizontal Components:
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