Mspltem Getting Started with Calculus

Exploring Newton’s Method Time required
ID: XXXX 45 minutes

Activity Overview

In this activity, students build an understanding of Newton’s Method for finding approximations
for zeros of a given function. They use a variety of tools, graphical, numerical, algebraic and
programming, to observe the process and limitations of this important method.

Concepts
e Gradient, tangent, derivative, iteration.

Teacher Preparation
This investigation offers opportunities for review and consolidation of key concepts related to
gradient of a tangent at a point and approximation methods. As such, care should be taken to
provide ample time for ALL students to engage actively with the requirements of the task,
allowing some who may have missed aspects of earlier work the opportunity to build new and
deeper understanding.

e This activity can serve to consolidate earlier work on gradient. It offers a suitable

introduction to itertaive methods and approximation.

e Begin by discussing the importance of approximation methods for dealing with the
majority of functions encountered in real-world situations.

e The screenshots on pages X—X (top) demonstrate expected student results.
Refer to the screenshots on page X (bottom) for a preview of the student .tns file.

e To download the .tns file, go to htip://education.ti.com/exchange and enter
“XXXX” in the search box.

Classroom Management
e This activity is intended to be student led. You should seat your students in pairs so
they can work cooperatively on their handhelds. Use the following pages to present the
material to the class and encourage discussion. Students will follow the steps using their
handhelds, although some of the ideas and concepts are only presented in this
document; be sure to cover all the material necessary for students’ total comprehension.

e Students can either record their answers on the handheld or you may wish to have the
class record their answers on a separate sheet of paper.

TI-Nspire™ Applications
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Step 1:

Step 2:

Step 3:

Getting Started with Calculus

Begin with discussion concerning
approximation methods in today’s computer
age. Many students will be under the
impression that the majority of functions are
well-behaved and have exact solutions
which can be found. They need to
appreciate that computers are ideally suited
to repetitive mindless work — exactly the sort
associated with iterative processes.

A graphical approach is likely to be most
meaningful for students — they should be
given the opportunity to verify for themselves
by dragging the point x1 on the axis that the
place where the tangent meets the axis is
likely to be closer to the zero than the initial
guess. Some may also observe that this is
not always the case. This will be the basis
for further investigation at the end of the
activity.

Beginning with a review of concepts of
gradient and the idea of tangent as gradient
at a point on the curve, students begin to
develop the algebraic basis for this result.

PRAD ALUTD REAL

Suppose we wish o approximate the zeros
for a function, f(xJ,

Mewton's Method (sometimes called the
Mewton—Raphson Method) is an iterative
method for doing this — which means that the
more times we apply the method, the better
our approximation should become!

_ﬁmmﬂ\o AUTO REAL ]
4]
f(n:‘
)
&

W)mo AUTO REAL

Question

2. Find the gradient between the paoints
P(xhjl:n):l and (:vczJ UJ.

«

Answer

f':xi:l

f(xij—o

Gradient =

L8 R -3 L8 B 8]

©2007 Texas Instruments Incorporated

Page 2



TI-72Spire

Step 4: Equating the derivative formula with that for

Getting Started with Calculus

the gradient of the tangent should lead
readily to the expression of Newton’s
formula, as shown. Discussion should follow
regarding the iterative nature of this formula,
since this may be a new technique for some
students.

Step 5: The use of graph leading into a spreadsheet

analysis of the process can be very powerful
here. Students enter and view the graph for
a function, and then use the spreadsheet to
enter their first guess, and observe how it
generates a sequence of values
approaching a limiting value. They should
note that the better the initial guess, the
faster the sequence converges.

Step 6 This iterative understanding may be further

developed using programming — first
encourage students to develop their own
program step-by-step outline and, if
appropriate, to attempt to develop a program
themselves which will generate at least
individual steps. They may study the
program newton(guess, iterations) at an
appropriate time, and use it to further
investigate this method of approximation.

CAS EXTENSION

The more powerful algebraic tools available
within TI-Nspire CAS make possible even
more opportunities for investigation, using
spreadsheet, functions and programming.
Students should be challenged to use any or
all available tools to develop a report with a
main focus upon the limitations of this
method — when and why does it fail?
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Answer ¥
T Hoes)’
Xz = X1 — i
bl
el
REAL B
F‘
incell B2 Better guesses
il
2375
181508
1.73413 =
AT | "Enter z1"
|
L) Done
new:on(ZJS:l
First guess =2
lteration numberl = 4, 18504
lteration number2 = 2.46789
lteration number3 = 326619

lteration numberd = 3.14094 &

204

O
F‘

22361

000153

Ad |“fl:X:l -

©2007 Texas Instruments Incorporated

Page 3



Getting Started with Calculus

TI-72Spire

Exploring Newton’s Method - ID: XXXX
(Student)TI-Nspire File: CalcActXX Newtons Method EN.tns
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Suppose we wish to approximate the zeros Begin with a first guess, .
for a function, Ax;, Construct a tangent at the point
Newton's Method Newton's Method (sometimes called the (xl,j(xl)) which meets the x—axis atxz
MNewton—-Raphson Method) is an iterative — T of 5 i -
method for doing this — which means that the - ain e Qe ilves ? etter estimate for
Caleulus, Iteration and more times we apply the method, the better the nearest zero than xii
Approximation Methods our approximation should become! Study the graph on the next page and drag
the point x1 to see this.
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Question Question
f(xl) ] 1. Can you see how this method works? 2. Find the gradient between the points
Does it abways work? P(xl,j(xl)) and (xz, 0).
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Question Question ITERATION
The method is said to be iterative since it can
3. Since this is the gradient of the tangent to 4. Using the equation you have just be applied again and again. Using x: as our
the curve at P, then it may be expressed in created, solve for xa. hew guess, we can find the tangent at
terms of #{x). Show this relationship. This is Newton's formula, (s, flxa)) and expect to find a better
approximation again at a new point, .
Answer ¥ nswer v
In general f(xn)
, x =xn—
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LJse the next two pages to study this 14.75 y
process, graphically and numerically,
Enter your function as f1 (x) on the graph ( ) 2 in cell B2 Better guesses
screen, flbe)=x"-3 4
Then move to the spreadsheet to observe 20 \ X1 20 2375
Mewton's Method in action: begin by entering 1.29908
your first guess into cell B1. Enter yaur function 173413 U
as (x) =
A “14.75
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Question 2 First define pour function, j(x). Done [ k:AS EXTENSION
2 Mo try newron(ﬁrsr ' gLEss, #r’remn'ons) Computer Algebra offers some powerful
5. Another approach often used with Bzras additional tools which we may use to explore
iterative processes is to write a program | Newton's Method even more closely.
which will perform the repetitive task Ent function directiy It BT and
quickly and efficiently. Outline the steps 4 erlylour une I?n rectly Into ce an
your inital guess into B2 on the next page.
you wolld use here,
=
Answer ¥
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© We can define a newton function!  Done [ We can even use a more powerful program
Frpe=a [Dras that, like the spreadsheet, allows the actual
Define ”“ZWf(ﬁW):a_ d function to be entered initially.
E(ﬁ?)lx:a Try the program
@ Try using the cufput as the next al newtonCASfunction, first_guess, # of
D iterations)
223611 000193 Ll on the next page.
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Question
First quess =2
&, IUsing any or all of these available tools,
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_.2
fG) =x"-5 explore Newton's Method and clearly

Iteration numberl = 2,25 explain when and why it fails,

lteration number2 = 223611
Answer
lteration number3 = 2.23607
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